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In these notes we give an introduction to some of the concepts involved in constructing SM-like gauge theories
in systems of branes at singularities of CY manifolds. These notes are an expanded version of lectures given by
Herman Verlinde at the Cargese 2006 Summer School.
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1. Introduction
Over the past 10 years, fueled by the deepened
understanding of duality and D-brane physics,
open string theory has evolved into an increas-
ingly successful tool for building 4-d supersym-
∗This work was supported by the National Science Foun-
dation under grants PHY-0243680 and DMS-0606578, and
by the Russian Foundation of Basic Research, grant RFBR
06-02-17383 (D.M.).
metric field theories. In particular, it is now un-
derstood that by taking a judicious low energy
limit of the world-volume theory on a stack of D3-
branes, one recovers a purely 3+1-dimensional
gauge theory, decoupled from gravity and all ex-
tra dimensional dynamics. In this decoupling
limit, the closed string background freezes into
a set of non-dynamical, tunable gauge invariant
couplings. By placing one or more D-branes near
various types of geometric singularities, realiza-
tions of large classes of gauge theories have been
uncovered, and a detailed dictionary between
geometric and gauge theory data is emerging.
Open string theory has become a preferred dual-
ity frame for representing weakly coupled 3+1-d
Quantum Field Theories in string theory.
A central characteristic of interacting Quantum
Field Theories is that couplings and masses are
not constants but non-trivial functions of the en-
ergy scale, set by the relevant dynamical process,
such as a collision of two particles. This running
behavior of the couplings has been beautifully ex-
plained by the Wilson renormalization group. In
recent years, the renormalization group has been
viewed from a fundamentally new perspective via
the embedding of QFT within string theory via
D-branes. String theory has no coupling con-
stants. Instead all couplings are fields that attain
certain expectation values, set by solving their
equation of motion. In the holographic interpre-
tation, the RG scale is one of the extra dimen-
sions. In this way the dependence of couplings on
the energy scale becomes a more intuitive depen-
dence of a field on a spatial coordinate.
The relation between the RG scale and a co-
ordinate in the internal space lies at the heart of
one of the most beautiful advances in string the-
ory, the AdS/CFT correspondence [1] [2] [3] [4].
The gauge invariant couplings of a gauge theory,
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2that has been obtained as the low energy limit of
open string theory on a stack of D-branes, are set
by the closed string background in which the D-
branes are immersed. This background geometry
is not fixed, but dynamically influenced by pres-
ence of the D-branes. The backreaction creates a
warped local neighborhood, in which the distance
from the branes naturally becomes identified with
an energy scale. This interpretation is known as
the holographic renormalization group. A partic-
ularly well-studied and non-trivial example of this
correspondence is the Klebanov-Strassler solution
[5] [6] where the RG running of gauge couplings
is mapped to the logarithmic dependence of the
B-field that solves the supergravity equations of
motion in the extra dimensions.
The gauge theory-gravity correspondence has
been explored in many ways, and an elaborate
dictionary relating quantities in the two dual sys-
tems is being uncovered. In these lectures we
will attempt to give a pedagogical introduction to
the construction of gauge theories from D-branes
in string theory, and the correspondence between
the two sets of data. We will focus on D-branes
placed at singularities of Calabi-Yau manifolds
in type IIB string theory. We will assume that
the D-branes span 3+1-d Minkowski space. The
gauge and matter fields arise from open string
modes on the D-branes, whereas parameters such
as gauge couplings, Yukawa coupling, etc, corre-
spond to the geometric properties of the internal
space.
Our main motivation for the study of D-branes
at Calabi-Yau singularities is that it provides an
interesting alternative route towards string phe-
nomenology. As the first step in this program,
one needs to establish a sufficiently general dic-
tionary between gauge theory quantities and lo-
cal and global properties of singular CY three-
folds. Assuming one can succeed with this first
step, it then becomes valid to try to find ex-
plicit realizations of world-volume gauge theories
on D-branes at singularities, that reproduce the
Standard Model of particle physics. Moreover,
since every decoupled theory, via its space of tun-
able couplings, stretches out over a sizable open
neighborhood within the space of 4-d gauge the-
ories, one can even aim to reproduce the Stan-
dard Model spectrum and couplings within their
phenomenological bounds. Though clearly a non-
trivial challenge, this question is still much less
ambitious, and thus easier to answer, than find-
ing a fully realistic closed string background via
the conventional top-down approach.
The organization of the lectures is as follows.
In section 2 we review some properties of the
background Calabi-Yau geometry. We will spe-
cialize our discussion to Calabi-Yau singularities
that take the form of a complex cone over a com-
plex two-dimensional base space. At the end of
Section 2 we give a short description of the ge-
ometry of del Pezzo surfaces, which will form our
canonical choice for the base of the Calabi-Yau
singularity. In these lectures, we will often refer
to the canonical class of complex manifolds. As a
geometrical intermezzo, we calculate the canoni-
cal class in some simple examples.
In section 3 we consider the D-branes placed
at the tip of the cone. We introduce the notion
of fractional branes [7] [8], which can be visu-
alized as well-chosen stable bound states of D-
branes [9][10]. Their world-volume gauge theory
supports non-trivial magnetic flux. As a result,
the D-brane carries charges of lower dimensional
D-branes. We introduce the central charge as an
invariant characteristic of BPS D-branes. A col-
lection of fractional D-branes preserves supersym-
metry provided all their central charges have the
same phase [11].
In section 4 we describe the quiver gauge the-
ories for the D3-brane at the tip of the cone. We
present simple formulas that count the number of
massless open string states at the intersection be-
tween the fractional branes. In the gauge theory,
these correspond to the matter fields charged un-
der the gauge groups that act on the two ends of
the open string. As examples, we consider branes
near orbifold singularities and on (toric and non-
toric) del Pezzo singularities.
In section 5 we discuss the relation between the
parameters in the quiver gauge theory and the
closed string modes. We outline the computa-
tion of the superpotential, and of the spectrum of
massless U(1) vector bosons.
Finally, after collecting all the necessary tech-
nology, we outline our general bottom-up ap-
proach to string phenomenology in section 6. We
apply the acquired insights to a concrete con-
struction of an SM-like theory, based on a single
D3-brane near a suitably chosen del Pezzo 8 sin-
gularity. We specify a simple topological condi-
3tion on the compact embedding of the dP8 singu-
larity, such that only hypercharge survives as the
massless gauge symmetry. We summarize some
of our conclusions in section 7.
2. Calabi-Yau cones and del Pezzo surfaces
In this section we review some properties of
Calabi-Yau and del Pezzo manifolds. We assume
some basic knowledge about complex manifolds,
line bundles and divisors. The description of
these topics can be found, for example, in [12].
2.1. Calabi-Yau cones
Calabi-Yau manifolds are complex Ricci flat
manifolds that provide a good background for
string compactifications. The Ricci flatness is
necessary for the absence of conformal anoma-
lies. Calabi-Yau manifolds admit one covariantly
constant spinor, and hence preserve at least one
supersymmetry [13].2
More strictly, a Calabi-Yau manifold Y is a
compact Kahler manifold with a vanishing first
Chern class, c1(Y ) = 0. We will assume that the
manifold has three complex dimensions. A com-
plex manifold is called Kahler if its Kahler form
J = igµν¯dxµ ∧ dxν¯ (1)
is closed [12]. One of the properties of an n-
dimensional Calabi-Yau manifold is that it has
a nowhere vanishing holomorphic n-form Ω. The
form Ω has only holomorphic indices and depends
on z1, . . . , zn (not z¯1, . . . , z¯n)
Ω = Ω1...ndz1 . . . dzn ; ∂¯Ω = 0 . (2)
For a general complex manifold M , Ω may have
zeros and poles. The corresponding divisor is
called the canonical class and is denoted by
K(M). We will use the same notation K(M) for
the line bundle associated to this divisor.3 The
form Ω can be considered as a section of the line
bundle K(M).
2 In the presence of fluxes or branes the Ricci flatness
condition may be modified, also one can break the super-
symmetry completely.
3 In general, the category of line bundles is equivalent to
the category of divisors, i.e. for every divisor there is a
corresponding line bundle and vice versa, the sum of two
divisors is the tensor product of the line bundles [12].
For a general compact manifold M the class
of the canonical bundle is minus the first Chern
class of the holomorphic tangent bundle
K(M) = −c1(TM). (3)
The existence of non zero section of K(M) is
equivalent to the triviality of the bundle, i.e.
K = −c1 = 0, which coincides with the Calabi-
Yau condition.
We will use the triviality of the canonical class
for the definition of non compact Calabi-Yau
manifolds. The motivation is that both the ex-
istence of the covariantly constant spinor η and
the existence of the Ricci flat metric are related to
the existence of everywhere non zero holomorphic
n-form Ω [13]. Note, that the local Calabi-Yau
condition is less restrictive than the global one.4
A singular manifold will be called a Calabi-Yau
if it can be obtained by a complex or a Kahler de-
formation from a smooth Calabi-Yau. For exam-
ple, the singularity of the conifold can be either
deformed or resolved and in both cases the result-
ing manifold is a smooth CY [14].
A rich class of Calabi-Yau singularities is pro-
vided by complex cones over a base space X of
complex dimension two. In order to get a CY
cone we, first, take a line bundle over the base
space X such that the canonical class of the total
space of the bundle is trivial and, second, shrink
the zero section of the bundle to a point. The
line bundle over X is the normal bundle to X in-
side Y . We denote it by NX . The line bundle
is not arbitrary: it is completely specified by the
condition of vanishing canonical class. From the
adjunction formula it follows that the divisor for
the line bundle NX is equal to the canonical class
of the base space. Indeed, the maximal holomor-
phic n-form on Y restricted to X can be decom-
posed in an (n − 1)-form on X and a one-form
”perpendicular” to X
K(Y )|X = K(X)⊗N∗X , (4)
and since from the Calabi-Yau condition it follows
that the restriction of the canonical class to the
base is trivial K(Y )|X = 1, we have
NX = K(X). (5)
4E.g. the complex projective space P1 is locally a complex
line C1, the latter is evidently a non compact Calabi-Yau
while the former is not a Calabi-Yau.
4In the following we will consider a particular class
of Calabi-Yau singularities of this type, for which
the base X is a del Pezzo surface.
To specify the geometry of the CY cone, let
ds2X = hab¯dz
adzb¯ be a Ka¨hler-Einstein metric
over the base X with Rab¯ = 6hab¯ and first
Chern class ωab¯ = 6iRab¯. Introduce the one-form
η = 13dψ + σ where σ is defined by dσ = 2ω and
0 < ψ < 2pi is the angular coordinate for a circle
bundle over the base X. Then the Calabi-Yau
metric can then be written as follows
ds2Y = dr
2 + r2η2 + r2ds2X (6)
For the non-compact cone, the r-coordinate has
infinite range. Alternatively, we can think of the
cone as a localized region within a compact CY
manifold, with r being the local radial coordinate
distance.
2.2. Intermezzo: the canonical class
The canonical class is an important geometric char-
acteristic that will show up in many places through
out these lectures. Let us give some examples of how
one can calculate it. In the following Pn will denote
the complex n-dimensional projective space.
Example 1. Canonical class of Pn.
The projective plane P1 has two coordinate charts
parameterized by (1, z1) and (z0, 1). The two charts
are glued together via z1 = z
−1
0 . Line bundles over
P1 are classified by their divisor. A section of O(n)
bundle for n > 0 may have n zeros and no poles or
n+ 1 zeros and a single pole etc.
Let λ0 = 1 be a section of O(n) bundle in the chart
(1, z1), then in the chart (z0, 1) the section is λ1 = z
n
0 .
The transition function is therefore
f0→1 = λ1/λ0 = (z0/z1)
n. (7)
The sections of the canonical bundle on P1 are holo-
morphic one forms. Consider the one-form Ω=dz1 in
the chart z0 6= 0. On the intersection Ω =−z−20 dz0.
The one-form Ω thus has a double pole at z0 = 0, and
the canonical class is therefore K(P1) = O(−2).
For Pn, any section of the canonical bundle is a
holomorphic n-form. Consider the chart z0 6= 0 with
coordinates (1, z1, . . . , zn) and the form
Ω = dz1 . . . dzn. (8)
In the chart z1 6= 0 introduce the coordinates
(z1, z2, . . . , zn) = (
1
y1
,
y2
y1
, . . . ,
yn
y1
) (9)
then the holomorphic form reads
Ω = − 1
yn+11
dy1 . . . dyn. (10)
Note that in homogeneous coordinates y1 = z0/z1.
Consequently, the (n + 1)-th order pole at y1 = 0
corresponds to the pole at the hyperplane z0 = 0.
Thus the canonical bundle
K(Pn) = −(n+ 1)H, (11)
where H is the hyperplane class of Pn.
We can reach the same conclusion by using the
total Chern class of Pn, given by
c(Pn) = (1 +H)n+1 (12)
with H the hyperplane class. The canonical class is
therefore
K(Pn)=−c1 =−(n+ 1)H, (13)
as before.
Example 2. Line bundle O(n) over P1.
Let λ be a section of the O(n) line bundle over P1.
Denote by λ0 and λ1 the restrictions of λ to the two
charts (1, z1) and (z0, 1). Let us consider the section
of the canonical bundle for the total space of the line
bundle in the chart z1 = 1
Ω = dz0dλ1 (14)
In the intersection of the two charts, we have
Ω = d(
z0
z1
)d(
zn0
zn1
λ0) (15)
so that in the chart z0 = 1
Ω = − 1
zn+21
dz1dλ0 (16)
For n = −2, Ω has a non zero section, consequently
the total space of the O(−2) line bundle has a van-
ishing canonical class.5
Example 3. C2 blown up at the origin.
The blowup of C2 at the origin is obtained by in-
serting a P1 instead of the point at the origin of C2.
The blowup of C2 will be denoted by eC2. The blown
up P1 is called the exceptional divisor and is denoted
by E.
Near the exceptional divisor, the coordinates on eC2
can be written in the form
z0 = λw0, z1 = λw1 (17)
5 If we interpret the O(−2) bundle as the normal bundle
to P1 inside the total space, then NP1 = O(−2) = K(P1),
in accordance with the general formula (5).
5where (w0, w1) are homogeneous coordinates on P1
and λ is the radial direction. In order for this
parametrization to be compatible with the projective
invariance of P1, λ should be a section of O(−1) bun-
dle over P1 [12].
Before the blowup, C2 has the following holomor-
phic two-form
Ω = dz0dz1 (18)
After the blowup, this form is modified in the vicinity
of the exceptional divisor. Using the coordinates (17),
we get in the chart w1 = 1
Ω = d(λ1w0)d(λ1w1) = λ1dw0dλ1 (19)
The form Ω has a zero at λ = 0, i.e. at the exceptional
divisor E. Consequently the canonical class of eC2 is
K(eC2) = E. (20)
We will use this result in the next subsection.
2.3. Del Pezzo surfaces
The mathematical definition of del Pezzo sur-
face is rather abstract: it is a two-dimensional
complex manifold such that its anticanonical bun-
dle is ample. We will simply use the fact that any
dell Pezzo surface is either a P1×P1 or a P2 blown
up at n points, where 0 ≥ n ≥ 8. The P2 blown
up at n points will be called the n-th del Pezzo
surface and denoted by dPn.
Locally, every blown up point supports a P1,
called an exceptional divisor Ei. Together with
the hyperplane class H of P2 the exceptional di-
visors form a basis for H2(dPn,Z). Thus the di-
mension of H2(dPn,Z) is
b2(dPn) = n+ 1. (21)
Also there is a class of a point, i.e. the zero cycle,
and the class of the four-cycle:
b0(dPn) = b4(dPn) = 1. (22)
There are no other cycles thus the Euler charac-
teristic of dPn is
χ(dPn) = n+ 3 (23)
A del Pezzo surface is complex, so we can de-
fine complex cohomology classes hp,q. The corre-
sponding dimensions are
h(0,0) = 1, h(1,1) = n+ 1, h(2,2) = 1. (24)
The other cohomologies are trivial.
These divisors have the following intersections
H ·H = 1
H · Ei = 0
Ei · Ej = −δij
(25)
Note, that the exceptional divisors have negative
self intersection, E · E = −1. The surface near
the exceptional P1 has the form of OP1(−1) bun-
dle. The self intersection of E is defined as the
intersection of E with a little perturbation of E
along the normal directions, which is equal to the
intersection of a section of OP1(−1) with the zero
section. The sign of the intersection depends on
the relative orientation of the two curves. If a
section has a zero, then the intersection is +1, if
it has a pole, the intersection is −1.
In the examples above we have shown that the
canonical class of P2 is −3H and every excep-
tional divisor contributes Ei, consequently the
canonical class of the dPn surface is
K(dPn) = −3H + E1 + . . .+ En. (26)
The self intersection of anti-canonical divisor is
(−K) · (−K) = 9− n. (27)
A necessary condition for a surface to be dell
Pezzo is that its anti-canonical divisor has pos-
itive self-intersection, i.e. n ≤ 8.
For n ≥ 3 we will usually use the following basis
of the two-cycles on dPn
K = −3H +∑ni=1Ei
αi = Ei − Ei+1, i = 1, . . . , n− 1
αn = H − E1 − E2 − E3
(28)
The intersection matrix in this new basis takes
the form
K · αi = 0 αi · αj = −Aij (29)
where Aij equals minus the Cartan matrix of the
corresponding Lie groups E3 ≡ A2×A1, E4 ≡ A4,
E5 ≡ D5, and the exceptional groups E6, E7 and
E8.
The complex structure of del Pezzo surfaces de-
pends on the position of the points of P2 that we
6blow up, i.e. for dPn we have 2n complex param-
eters, since every point has two complex coordi-
nates. Two surfaces are equivalent if they are re-
lated by an automorphism of P2, i.e. by a PGl(3)
transformation. This group has 32 − 1 = 8 com-
plex parameters, and so four generic points on P2
can be moved to given positions by PGl(3). The
remaining coordinates of the blown up points pa-
rameterize the non equivalent complex structures.
For n > 4, the complex structure of dPn is param-
eterized by 2n− 8 parameters.
Some equations that define the embedding of
the dPn surfaces in the (products of) weighted
projective spaces can be found in [15] [16].
Example: del Pezzo 8 surface
As an example, let us prove that an equation of de-
gree 6 in the weighted projective space WP31123 is the
dP8 surface. Recal that the weighted projective space
WP31123 consists of the points (u, v, x, y) 6= (0, 0, 0, 0)
up to identifications (u, v, x, y) ∼ (λu, λv, λ2x, λ3y)
with λ 6= 0. Let X denote the surface defined by
the homogeneous equation of degree 6 on WP31123
ay2 = bx3 + cv6 + du6 + . . . (30)
Let us verify that this surface has the same cohomol-
ogy and space of deformations as dP8.
The total Chern class of the weighted projective
space is
c(WP1123) = (1 +H)2(1 + 2H)(1 + 3H)
where H is the hyperplane class in WP1123. The class,
Poincare dual to the surface defined by an equation
of degree 6 in WP1123, is 6H. Consequently the total
Chern class of this surface is [15]
c(X) =
(1 +H)2(1 + 2H)(1 + 3H)
1 + 6H
Expanding the fraction and using the relation H3 = 0
on X we find
c(X) = 1 +H + 11H2
hence c1(X) = H and c2(X) = 11H
2. Since 6H is
the Poincare dual two-form for X ⊂ WP1123, we can
extend the integration over X to the integration over
WP1123. One obtains6
χ(X) =
Z
X
c2(X) =
Z
WP1123
c2(X) ∧ 6H
=
1
6
6 · 11 = 11
6 The factor 1/6 comes from the fact that P3 is a six-
fold cover of WP1123, since the weighted projective space
has a Z2 orbifold singularity near (0, 0, 1, 0): (u, v, 1, y) ∼
(−u,−v, 1,−y); and a Z3 orbifold singularity at (0, 0, 0, 1):
(u, v, x, 1) ∼ (ωu, ωv, ω2x, 1) where ω3 = 1.
The second cohomology for X is therefore
h1,1 = χ− 2 = 9,
in accord with the identification of the surface as dP8.
As we have shown the number of parameters de-
scribing the dP8 surfaces is 2n− 8 = 8. The number
of coefficient in equation (30) is 23. Let us show that
WP1123 has 15 coordinate reparameterizations. The
coordinate y has degree 3, hence a generic change of
coordinates involves addition of a polynomial of de-
gree 3 in u,v and x to y. The transformations of
y together with its rescaling give 7 parameters. The
coordinate x has degree two, hence we can add a poly-
nomial of degree 2 in u and v. The transformations
of x give 4 parameters. Also there are arbitrary Gl(2)
transformations of u and v, which give the last 4 repa-
rameterizations. Consequently, the equations up to
change of coordinates are described by 8 parameters
and any generic dP8 surface can be described by some
equation.7
At special values of the complex structure moduli,
the del Pezzo 8 surface may form ADE type singu-
larities, at which one or more of the 2-cycles αi de-
generate. We will make use of this possibility later
on.
3. D-branes on a Calabi-Yau singularity
The del Pezzo surface X forms a four-cycle
within the full three-manifold Y , and itself sup-
ports several non-trivial two-cycles. Now, if we
consider IIB string theory on a del Pezzo singu-
larity, we should expect to find a basis of D-branes
that spans the complete homology of X: the
del Pezzo 4-cycle itself may be wrapped by any
number of D7-branes, any 2-cycle within X may
be wrapped by one or more D5 branes, and the
point-like D3-branes occupy the 0-cycle within X.
We will now summarize some of their properties.
3.1. D-branes and fractional branes
The D-branes are charged with respect to the
Ramond-Ramond (RR) fields [18]. In flat space
the interaction between the Dp-brane and the RR
fields is summarized by the Chern-Simons terms
in the action [10]
SCS = µp
∫
eF−B
∑
n
C(n). (31)
7 In this respect the del Pezzo surfaces are different from
the K3 surface, because not all the K3 surfaces are alge-
braic [17].
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D5
D3
D5
Figure 1. D(p+3)-branes may wrap p-cycles
within the base X of the Calabi-Yau singularity.
Here the integral goes over the world volume of
the brane, the index n runs over even integers for
type IIB and over odd integers for the type IIA.
The fields C(n) are the RR n-form fields. F is the
gauge field on the world volume of the brane and
B is the restriction of the B-field to the brane.
In a more general settings, one may consider
a stack of N D-branes wrapping some cycle M .
It is convenient to introduce an N -dimensional
vector bundle V over M . The coordinates of the
vectors v = (v1, . . . , vN ) in V are labeled by the
the Chan-Paton index i = 1 . . . N . The gauge
field F ∈ SU(N) living on the world volume of
the stack of branes is interpreted as the curvature
form for V . (It is a two-form on the tangent bun-
dle TM that takes values in the operators acting
on V .)
A priori, a D-brane can be placed on any sub-
space of the 10-dimensional space-time on which
the string theory lives. But in general, such a
configuration will not be stable. The stable ob-
jects are the BPS branes. The BPS branes have a
minimum energy in a given topological class and
preserve some supersymmetry.
One of the main questions is to find the set
of BPS branes for a given CY geometry. If one
changes the geometry or moves a brane around
the manifold, then the BPS brane can become
non stable and decay to a combination of new
BPS branes. For example, a D3 brane is stable
at a smooth point in CY but it decays to a combi-
nation of so-called fractional branes near a singu-
larity.8 In terms of the world-sheet CFT, that de-
scribes the string propagation on the singularity,
they are in one-to-one correspondence with the
allowed conformally invariant open string bound-
ary conditions. Alternatively, by extrapolating to
a large volume perspective, fractional branes may
be represented in geometrical language as partic-
ular well-chosen collections of sheaves, supported
on corresponding submanifolds within the local
Calabi-Yau singularity. A geometric way of clas-
sifying the space of possible fractional branes at a
Calabi-Yau singularity is in terms of the ”hidden”
cycles that the branes can wrap. The hidden cy-
cles can be seen by resolving the singularity. The
fractional branes can be defined as appropriate
stable bound states of branes wrapping these cy-
cles. These bound states, in turn, can be thought
of as a D-brane with some quantized magnetic
flux F supported on cycles wrapped by the world-
volume of the maximal dimension brane. The
form F is the Poincare dual form to the cycles on
which the sub-branes are wrapped.9
Topologically non trivial configurations of F
are interpreted as lower dimensional branes
bound to the stack of N D-branes. The charges of
these lower dimensional branes can be determined
from the interaction with the RR fields. Let us
introduce the notation for the charge vector
Q = ch(V )
√
Aˆ(T )
Aˆ(N)
(32)
where
ch(V ) = Tr(eF ) (33)
8 The terminology ‘fractional brane’ is motivated as fol-
lows. Near the C3/Z3 singularity, D-branes must form a
representation of Z3, e.g. the Z3 can act by interchang-
ing the branes placed at 3 image points. The BPS branes
at the singularity may be called fractional because a D3-
brane splits into three branes, each carrying a 1/3 of the
D3-brane mass.
9Let us recall the definition of the Poincare dual form.
Let M be a compact complex manifold and A be a cycle
inside M . The form wA is said to be the Poincare dual to
A inside M if for any form αZ
A
α =
Z
M
wA ∧ α
For example, the hyperplane class H in P2 is the two-form
Poincare dual to P1 ⊂ P2.
8is the Chern character of the vector bundle V .
The first three characters are the rank, the first
Chern class and the ”instanton number”
ch0(V ) = rk(V ) = N
ch1(V ) = c1(V ) = Tr(F )
ch2(V ) = 12Tr(F ∧ F )
(34)
The term in the square root in (32) is related
to the curvature of the D-brane. It is neces-
sary for the cancelation of gravitational anoma-
lies [19]. The charge vector can be expanded in
terms of the cohomology classes. In the case of del
Pezzo surfaces there are several 2-cycles αA, con-
sequently the D2-brane charges will come with an
index A, labeling the cycles that the brane wraps.
In terms of their Poincare dual forms the charge
vector is expanded as
Q = Q7 +QA5 ωA +Q3H ∧H (35)
where H is the hyperplane class on P2. The first
number represents the D7-brane charge (as al-
ways, we include the four non compact dimen-
sions in the world volume of the branes), the sec-
ond element is the Poincare dual class to the cycle
that the D5-brane wraps, and the last number is
the D3-brane charge. The linear Chern-Simons
coupling takes the form
LCS = Q7
∫
P2
C(8) +QA5
∫
αA
C(6) +Q3 C(4)
in accord with the identifications of Qp with the
wrapped Dp-brane charge.
A D3-brane placed at the tip of the cone can
split into fractional branes. This splitting is pos-
sible since it doesn’t violate the conservation of
the charges. Whether the splitting will actually
happen is a more difficult question. The answer
to this question involves some knowledge about
the masses of the branes. The masses of the BPS
objects are proportional to the absolute value of
their central charges.
The Born-Infeld action for the D-branes in the
BPS limit reduces to the absolute value of the
central charge, which in the large volume limit
has the form [20]
Z(V ) =
∫
e−B−iJch(V )
√
Aˆ(T )
Aˆ(N)
(36)
here B+iJ is the complexified Kahler form which
is determined by the background geometry. The
central charge then takes the form
Z(V ) = Π0Q7 + ΠA2 Q
A
5 + Π4Q3 (37)
The charges (Q7, QA5 , Q3) can be found by ex-
panding the charge vector (32) in terms of the
forms as in (35). In the large volume limit the
periods are found by expansion of e−B−iJ
Π0 = 1
Π2 = −
∫
P1
(B + iJ) (38)
Π4 =
1
2
∫
P2
(B + iJ) ∧ (B + iJ).
These expressions for the periods in terms of the
background fields B and J receive non perturba-
tive corrections away from the large volume limit.
The central charge is an important character-
istic of the D-branes, as it tells what supersym-
metry is preserved (broken) by the branes. The
couplings and the FI terms of the gauge theory in
dimensional reduction also depend on the central
charges.
Example 1: Branes on a CY cone over P2.
In this example we find the charge vectors for the
fractional branes on the CY cone over P2, this cone
is equivalent to a C3/Z3 singularity [20]. The charge
of the brane at the tip of the cone can be expressed
in terms of the cohomologies of P2
Q = Q7 +Q5H +Q3H ∧H. (39)
where H is the hyperplane class of P2. If we have N
D7-branes wrapping the P2 in the blowup of C3/Z3,
then depending on the fluxes of the gauge field F ,
i.e. depending on the character of the bundle V , the
components of the charge vector are [21]
Q7 = rk(V ) = N
Q5 =
R
P1 c1(V )
Q3 =
R
P2 ch2(V ) +
1
8
rk(V )
The last term for Q3 comes from [19][21]s
Aˆ(T )
Aˆ(N)
= 1 +
χ(P2)
24
H ∧H
where the Euler character χ(P2) = 3. This term can
be interpreted as the D3 brane charge induced by the
curvature of the branes.
9The calculation of the periods in the small volume
limit is a non trivial problem since they receive non
perturbative corrections. The periods and the central
charges for the branes on C3/Z3 singularity can be
found e.g. in [21].
Example 2: D3 at the tip of the cone over
P1 × P1.
In this example we find the central charges of the
fractional branes on the cone over S = P1 × P1. We
denote by H1 and H2 the 2-cycles Poincare´ dual to
the two P1’s. They have intersections
H21 = H
2
2 = 0, H1 ·H2 = 1 .
The canonical class is
K(S) = −2(H1 +H2).
Line bundles over the base S are of the general form
O(n,m) = O(nH1 +mH2) .
In other words, if we choose coordinates on the first P1
as zα, α = 1, 2 and on the second P1 as wβ , β = 1, 2,
then sections of H0(O(n,m)) are polynomials P (z, w)
of total degree n in z and total degree m in w (as-
suming n,m ≥ 0).
The basis of fractional branes on S is given by ap-
propriate sheaves. In our example the sheaves are
particularly simple: they are given by the following
set of line bundles
F1 = O(0) , F3 = O(H2) , (40)
F2 = O(H1) , F4 = O(H1 +H2) ,
and carry the following set of charge vectors
F1 = (1, 0, 0) , F3 = (1, H2, 0) , (41)
F2 = (1, H1, 0) , F4 = (1, H1 +H2, 1) .
Each charge vector indicates a corresponding bound
state of wrapped D-branes.
Charge conservation lets the D3-brane split into
four fractional branes via
(0, 0, 1) = F1 − F2 − F3 + F4 (42)
Let us find the central charges of these fractional
branes and verify that the splitting is possible from
the point of view of the masses. For the cone over
P1 × P1 the central charge is
Z = ±
Z
S
eF−B (43)
where the plus sign is for the branes and minus is for
the antibranes.
If we blow up one of the P1’s, then the geometry
near the second P1 will be C×C2/Z2. The P1 in the
blow up of the singularity is the second P1 in S. It
is known [22] that as the P1 shrinks to form the Z2
singularity the value of the B field period is 1/2, i.e.
at the Z2 orbifold point
R
P1(B + iJ) =
1
2
. We will
assume that changing the size of the first P1 doesn’t
affect the periods over the second one, then in the
limit vol(S) = 0 the value of the B field is
B =
1
2
(H1 +H2). (44)
As an example of the calculation, let us find the cen-
tral charge for the antibrane F¯2 = −(1, H1, 0) =
−eH1
Z(F¯2) = −
Z
S
eH1−B = −
Z
S
e
1
2 (H1−H2)
=
1
4
Z
P1×P1
H1 ∧H2 = 1
4
It’s easy to check that the central charges of the
other three configurations are also equal to 1
4
. The
sum of the masses is equal to 1 which is the mass
of the D3-brane. The phases of the central charges
are the same, i.e. the corresponding fractional branes
break/preserve the same supersymmetry generators.
4. Quiver gauge theories
A collection of fractional branes gives rise to
a quiver gauge theory. In the absence of orien-
tifold planes the quiver is a graph with oriented
edges. Every fractional brane corresponds to a
vertex in the quiver. If there are N fractional
branes of the same sort, then they correspond to
the U(N) gauge group. An edge in the graph
starting on U(N1) and ending on U(N2) corre-
sponds to the bifundamental field Φ ∈ (N¯1, N2),
where N¯1 denotes the antifundamental represen-
tation of U(N1) and N2 is the fundamental rep-
resenation of U(N2). Every edge corresponds to
a massless mode of open strings stretching be-
tween fractional branes. The lightest open string
modes are massless whenever the two branes in-
tersect with each other. The orientation of the
open string is translated in the orientation of the
edge. Note that there can be several edges be-
tween two vertices, also an edge can begin and
end on the same vertex, in this case the field is in
adjoint representation of the corresponding gauge
group.
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If there are orientifold planes, then some of the
open strings become unoriented. The correspond-
ing gauge groups are SO(N) or Sp(N) and the
fields are in real representations of these gauge
groups.
The orientation of the edge also corresponds
to the chirality of the bifundamental field. At
every vertex, the number of incoming and out-
going edges is the same. This property ensures
that there are no cubic anomalies, i.e. anoma-
lies with three SU(N) currents. But if there is a
net number of chiral fields between two vertices,
then the U(1) parts of the corresponding U(N)
gauge groups have mixed anomalies. Note that
some combinations of the anomalous U(1)’s can
be non anomalous.10
Before we go to some practical details on find-
ing the quiver gauge theory, let us mention the
question of stability [23]. The conservation of
the mass and the charge is a necessary but not
a sufficient condition for a splitting of a brane
into fractional branes to exist. The problem is
that some fractional branes may further split into
sub-branes or may form a new bound state. The
collection of fractional branes should be stable
against further reductions. For a mathemati-
cal description of various stability condition see
for example [11][23]. From the point of view of
the corresponding quiver gauge theory stability
means that there are no adjoint fields and that
for any two vertices all the edges between them
have the same orientation (if there are any). The
last condition is, in fact, more strict: there should
exist an order of the fractional branes (let the or-
der be from left to right) such that the orienta-
tion of the edge is from the left fractional brane to
the right one. The collection of fractional branes
that satisfy the stability conditions is called ex-
10For the cones over del Pezzo surfaces the combination of
U(1)’s is not anomalous if the corresponding sum of frac-
tional branes has no D7-brane charge and the class of the
D5-brane doesn’t intersect the canonical class of the del
Pezzo. In short the argument goes as follows. The divisor
for the normal bundle over X is the canonical class. Thus
the normal bundle is non trivial over X and over all cy-
cles that intersect the canonical class K. If a cycle doesn’t
intersect K, then the normal bundle over this cycle is triv-
ial: it doesn’t intersect with any other cycle. If the two
fractional branes don’t intersect, then there is no chiral
matter between them. Hence the corresponding U(1) is
non anomalous.
ceptional.
Example 1: D3 near an orbifold singularity
A useful illustration of how quiver gauge theories
arise is provided by the example of a D3-brane near
a general orbifold singularity [7][24]. Let G be some
finite group of order |G|, that acts on C3. G can be
abelian or non-abelian. In case G is a sub-group of
SU(3), the world-volume theory is N = 1 supersym-
metric. To find states invariant under the orbifold
projection, we have to consider the D3-brane and all
of its images, making a total of |G| D3-branes. From
now on let us denote
N = |G| (45)
Before performing the orbifold projection, the world-
volume theory on the N D-branes is a U(N) gauge
theory with a vector multiplet V and three chiral mul-
tiplets Φi, that parametrize the transverse positions
of the D3-branes along C3. All fields are N ×N ma-
trices. Projecting onto G invariant states amounts to
imposing the conditions
RregV R
−1
reg,= V (46)
(R3)ijRregΦ
jR−1reg = Φ
i
where Rreg is the N ×N regular representation of G
acting on the Chan-Paton index, and R3 is the 3-d
defining representation. The regular representation
is defined as the group G acting on itself.
The regular representation Rreg is not irreducible;
instead it decomposes into irreducible representations
as
Rreg =
rM
a=1
naR
a (47)
where r denotes the total number of irreducible rep-
resenations and
na = dimR
a. (48)
In other words, each irreducible representation Ra oc-
curs na times in the regular representation. In explicit
matrix notation, we have
Rreg =
0BBB@
R1 ⊗ 1n1 0 ... 0
0 R2 ⊗ 1n2 ... 0
...
...
. . .
...
0 0 ... Rr ⊗ 1nr
1CCCA
(49)
where Ra ⊗ 1na is the n2a × n2a matrix
Ra ⊗ 1na =
0BBB@
Ra 0 ... 0
0 Ra ... 0
...
...
. . .
...
0 0 ... Ra
1CCCA (50)
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From this form of Rreg we read off that the (47)
breaks the U(N) gauge symmetry to
rY
a=1
U(na) (51)
Translated into geometric language, we conclude that
a D3-brane near an orbifold singularity splits up into
fractional branes Fa, where a labels an irreducible
representation Ra, and that each fractional brane oc-
curs with multiplicity na = dimRa. The worldvolume
theory of each fractional brane Fa contains a vector
multiplet Va which in particular is an na×na matrix.
This result is a reflection of the decomposition of the
group algebra as a direct sum of na × na matrices
C[G] ∼=
rM
a=1
Mat(na) , (52)
which for us states that the vector multiplets Va,
when all combined together, can be thought of as an
element of C[G].
From the condition (47), we learn that we can ob-
tain the number of chiral fields n3ab between two frac-
tional branes Fa and Fb, transforming in the (na, nb)
bi-fundamental representation, by decomposing the
product of the defining and each irreducible represen-
tation into irreducible representations in the following
way:
R3 ⊗Ra =
rM
b=1
n3abR
b. (53)
Using that the multiplication of group characters re-
flects the representation algebra of the group, we can
compute these coefficients n3ab as
n3ab =
1
|G|
X
g∈G
χ3(g)χa(g)χb(g)∗, (54)
where we used the orthogonality condition of group
characters
1
|G|
X
g∈G
χa(g)χb(g)∗ = δab.
Eqns (51) and (54) provide the complete quiver data
of the D3-brane gauge theory.
Example 2: D3 on a toric dPn singularity
As a warm-up, we first summarize the D3-brane
gauge theory on a dPn singularity with n ≤ 3. These
all admit an elegant and useful diagrammatic descrip-
tion in terms of (p, q)-webs [25].
A toric manifold of complex dimension 2 can be
characterized as a torus fibration over the complex
plane. The torus admits two U(1) actions, with gen-
erators T1 and T2. The U(1)’s may have fixed points
at some special locus within the complex plane, at
which the fibration becomes degenerate. This locus
can be drawn as a so-called (p, q) web, which is a
trivalent graph of lines and vertices. Each line has an
associated charge vector
vi =
„
pi
qi
«
. (55)
Here pi and qi two relatively co-prime integers, that
parametrize the linear combination pi T1+qi T2 of the
two U(1) generators that degenerates at the location
of the line. The lines meet at trivalent vertices, which
are special points where both U(1) actions degener-
ate. The charge vectors of three lines that meet at
any given vertex add up to zero.
The charge vector vi of each line also indicates its
direction. This identification makes use of the fact
that the del Pezzo surface has a symplectic form, rep-
resented by the Ka¨hler class, relative to which the
complex plane, the base, can be thought of as the
space of coordinates and the torus fiber as the space
of momenta. We can therefore make a natural identi-
fication between directions within the complex plane
and directions along the T 2 fiber.
The (p, q)-web spans the whole complex plane, and
therefore has lines that extend to infinity, called ex-
ternal lines, as well as internal lines that are compact
intervals. The internal lines are the base of a circle
fibration over an interval, and thus represent compact
two-cycles. Similarly, a face of the (p,q)-web, a com-
pact region of the complex plane bounded by compact
lines, represents a compact 4-cycle.
The quiver gauge theory data are encoded in the
(p, q)-web as follows. Nodes on the quiver correspond
to fractional branes, which are the possible bound
states of wrapped D3, D5 and D7 branes. Each node
represents a U(1) gauge factor (or U(N) in the case
one considers N D3-brane probes). The number of
independent fractional branes equals the dimension
of the homology of the surface, that is, the number of
2-cycles plus 2. For dPn this adds up to n + 3. This
equals the number of external lines of the correspond-
ing (p, q)-web. Indeed, it turns out that there is a
one-to-one correspondence between fractional branes
Fi on dPn and the vertices of its (p, q)-web that are
connected to external lines. To each Fi we can thus
associate a charge vector vi = (pi, qi), equal to the di-
rection of the corresponding external line. The inter-
section pairing between two fractional branes, which
counts the number of bi-fundamentals between them,
is then expressed as follows
#(vi, vj) = piqj − qipj (56)
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The quiver gauge theories associated with the toric
del Pezzo surfaces are somewhat trivial, since they
only contain U(1) gauge factors for the case of a sin-
gle D3-brane. Nonetheless, they provide some useful
general guidelines for how to translate gauge theory
data into geometric data, and vice versa.
4.1. D3-brane on a dPn singularity
Consider a D3-brane placed at the tip of the
complex cone over a dell Pezzo surface. The D3-
brane will split in an exceptional collection of
fractional branes. Let Fi denote the charge vec-
tor of the ith fractional brane in the collection,
i = 1 . . .m. Recall that a fractional brane corre-
ponds to a vector bundle Vi such that the charge
vector (32) for the interaction with the RR fields
is
Qi = (rk(Vi), c1(Vi), ch2(Vi) + rk(Vi)c) (57)
where c is a certain constant induced by the cur-
vature of del Pezzo. The decomposition of the
D3-brane charge introduces a set of multiplicities
Ni via
(0, 0, 1) =
m∑
i=1
Ni Qi. (58)
Note, that the total D7-brane charge is zero∑
iNi rk(Vi) = 0. This means that some of the
Ni’s are negative: this corresponds to taking |Ni|
antibranes F¯i. Since there are m fractional branes
in the decomposition, the quiver gauge theory
consists of a product of m gauge groups
G =
m∏
i=1
U(Ni). (59)
The next step is to find the matter fields. Con-
sider two fractional branes Fi and Fj . For the
exceptional collection, if there are some fields Φij
in the representation (N¯i, Nj), then there are no
fields in the opposite representation (N¯j , Ni) and
the total number of chiral fields between Fi and
Fj is given by the intersection of these fractional
branes.
In order to define the intersection number let
us introduce the notation for the intersection of
the 2-cycle that the Fi wraps with the canonical
class of the del Pezzo surface
deg(Fi) = c1(Vi) ·K. (60)
Then the matrix of intersections between the frac-
tional branes is given by (here rk(Fi) = rk(Vi))
Nij = rk(Fj) deg(Fi)− rk(Fi) deg(Fj). (61)
The absolute value |Nij | is the number of edges
between Fi and Fj . The direction of the edges is
determined by the sign of Nij .
The geometrical motivation of the formula (61)
is as follows. Let us find the intersection of Fi
with Fj by deforming the cycles in Fi along the
normal directions to the del Pezzo surface X.
The surface X intersects itself via the canoni-
cal class. Consequently, the D7-brane component
of Fi intersects Fj via its component along the
canonical class. Since this component is wrapped
deg(Fj) times, and the D7-brane charge of Fi
equals rk(Fj), the intersection number receives a
contribution equal to the product deg(Fj) rk(Fi).
The same logic works for the intersection of D5
component of Fi with D7 component of Fj .
Using the langauge of algebraic geometry, one
can give a more invariant way of finding the chi-
ral matter in the collections of type IIB branes.
In general, let V1 and V2 be two vector bun-
dles associated to two fractional branes F1 and
F2. Open strings from F1 to F2 have one Chan-
Paton index in V1 and the other in V2. They
correspond to homomorphisms from V1 to V2,
i.e. a chiral matter field associated with edge be-
tween the quiver nodes F1 and F2 is an element of
Hom(V1, V2). More generally, the fields that live
on the intersections of two fractional branes F1
and F2 are represented by the so-called extension
groups Extp(F1,F2). The zeroth extension group
is spanned by the homomorphisms
Ext0(F1,F2) = Hom(F1,F2). (62)
For the exceptional collections of branes, all
higher extension groups are trivial.
Example: D3 at the tip of the cone over P1×P1.
Let us return to our example of a D3-brane at the
tip of a cone over P1 × P1. The basis of fractional
branes is specified via the charge vectors given in (41).
The degree is defined by the intersection of D5-brane
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Figure 2. Quiver theory of the cone over P1×P1.
charge with the canonical class, K = −2(H1 + H2).
So we have11
rk(F1) = 1 deg(F1) = 0
rk(F2) = −1 deg(F2) = 2
rk(F3) = −1 deg(F3) = 2
rk(F4) = 1 deg(F4) = −4
(63)
Every fractional brane corresponds to a gauge group.
Since in the decomposition (42) of a single D3 brane,
all fractional branes occur with multiplicity ±1, the
gauge group of the gauge theory on the D3-brane is
U(1)4. The number of chiral fields between two frac-
tional branes is given by their oriented intersection
number. Via the general formula (61), we find
#(Fi,Fj) =
0BBB@
0 −2 −2 4
2 0 0 −2
2 0 0 −2
−4 2 2 0
1CCCA
The resulting quiver gauge theory is given in figure 2.
The number of chiral matter fields between the
fractional branes is equal to the dimension of the cor-
responding space of homomorphisms. Recall the defi-
nitions (40) of the basis of fractional branes, and that,
if we choose coordinates on the first P1 as zα, α = 1, 2
and on the second P1 as wβ , β = 1, 2, sections of
H0(O(n,m)) are polynomials P (z, w) of total degree
n in z and total degree m in w (assuming n,m ≥ 0).
Let us denote the operators dual to z1, z2 by z
∗
1 , z
∗
2 ,
etc. That is, z∗1 is the linear operator that maps z1
11Here we have flipped the sign of F2 and F3, since these
occur with negative multiplicity in (42).
to 1, and all other coordinates to 0, etc. Then
Hom(F2,F1) = B1w
∗
1 +B2w
∗
2
Hom(F4,F2) = A1z
∗
1 +A2z
∗
2
Hom(F3,F1) = D1z
∗
1 +D2z
∗
2
Hom(F4,F3) = C1w
∗
1 + C2w
∗
2
Hom(F1,F4) =
P
i,jEijziwj
We will use these expressions later to compute the
superpotential of the quiver gauge theory of Fig 2.
Note, that the only non anomalous combination of
the U(1) groups is the difference between the U(1) at
the nodes 3 and 2. The fields A and D have the charge
+1, the fields B and C have the charge −1, and the
field E is neutral under this U(1). The corresponding
combination of the fractional branes is
Fα = F3 − F2 = (0, E2 − E1, 0). (64)
This combination is the only combination of frac-
tional branes that has rk(Fα) = 0 and deg(Fα) = 0.
Consequently it has no chiral intersection with any
other fractional brane in the collection. This is an
example of a more general statement, that the com-
bination of fractional branes with no D7-brane charge
and with the D5-brane charge that has no intersec-
tion with the canonical class corresponds to a non
anomalous combination of the U(1) gauge groups.
5. Geometric Identification of Couplings
Consider a D-brane placed at a singularity of
a compact Calabi-Yau manifold. We can take a
formal low energy limit, in which the distances
that can be probed by the open strings are much
smaller than the size of CY. In this decoupling
limit, we may focus our attention to the local re-
gion of the singularity, which for simplicity we
can take to be non-compact. In this limit the
kinetic terms of the closed string modes propa-
gating on the full CY become non normalizable,
and the corresponding fields enter in the action
as true non dynamical parameters. If the kinetic
term of the closed string mode is localized near
the singularity, then the corresponding field re-
mains dynamical in the effective theory.
14
5.1. Superpotential
In our discussion thus far, we have concentrated
our attention on the topological properties of D-
branes on Calabi-Yau singularities. This restric-
tion is partly by choice and partly by necessity:
non-topological data are much harder to control
and compute. There is one more valuable piece
of gauge theory data, however, that can be ex-
tracted with precision from this geometric per-
spective, namely the holomorphic superpotential
W .
The superpotential in the quiver gauge theories
for the type IIB D-branes is a holomorphic quan-
tity, and does not depend on the Ka¨hler moduli.
Hence one can go to the large volume limit and
find it from the topological B-model. Some su-
perpotentials for the quiver gauge theories on the
cones over dell Pezzo surfaces can be found e.g.
in [26].
For quiver gauge theories, the superpotential
is a sum of gauge invariant traces over ordered
products of bi-fundamental chiral fields. There is
one such term for each oriented closed loop on the
quiver. Via the superpotential W we can adorn
the quiver with additional structure, namely a
set of relations between the bi-fundamental fields
given its critical points:
∂W
∂φa
= 0 (65)
For a given D3-brane configuration on a Calabi-
Yau singularity, one can compute W as follows.
For simplicity, let us assume that the closed loops
in the quiver are all triangles, so that W is a
purely cubic function12
W = CabcTr(φaφbφc) (66)
Now suppose we want to compute the cubic cou-
pling of the chiral multiplets running between the
fractional branes Fi, Fj and Fk. Geometrically,
the chiral fields are elements of the Ext groups
between the respective sheaves. If we give our-
selves the freedom to choose any basis of chiral
fields, we can pick any favorite set of generators
of these Ext-groups and compute their so-called
Yoneda pairings by taking the product of the first
12This is true for the three block exceptional collections
that we discuss below.
two sets of generators
Extl(Fi,Fj)× Extm(Fj ,Fk)→ Ext3−n(Fi,Fk).
and decompose the result in terms of the third
basis of generators. Here we used that the cu-
bic pairing between three Ext groups is non-
vanishing only if n + l + m = 3, and that
Ext3−n(Fi, Fk) is the natural dual space to
Extn(Fk,Fi). This calculation was done for del
Pezzo singularities with n ≤ 5 in [26].
The superpotential resulting from this calcu-
lation is a holomorphic function of the space of
chiral bi-fundamental fields, as well as on the
space of complex structure deformations of the
del Pezzo singularity. For the n-th del Pezzo sur-
face this amounts to 2(n−4) complex parameters,
corresponding to the positions of the n − 4 blow
up points that can not be held fixed by using
the SL(3,C) isometry group of the underlying
P2. More generally the superpotential depends
also on the non-commutative deformations and
’gerbe’ deformations [27].
Example: D3 at the tip of the cone over P1×P1.
The classical superpotential depends on the com-
plex deformations of the cone. Since there are no de-
formations of P1 × P1 the potential will have no free
parameters. In order to find the terms in the super-
potential, one, first, takes the fields around a loop in
the quiver, this is necessary for the term to be gauge
invariant, then finds the decomposition of the corre-
sponding homomorphisms in a direct sum and picks
up the terms proportional to identity. For example,
the composition of the homomorphisms for the upper
left triangular in figure 2 reads
Hom(F2,F1) ◦Hom(F4,F2) ◦Hom(F1,F4)
= (Bkw
∗
k) ◦ (Alz∗l ) ◦ (Eijziwj) = EijAiBj + . . .
where we assume the summation over all repeated in-
dices and the dots denote the terms not proportional
to identity operator. Taking into account the lower
left triangular we get the superpotential
W =
X
i,j=1,2
(AiBj − CiDj)Eij (67)
In order to get some intuition one can also compare
this calculation with the orbifold calculation, where
the terms in the superpotential consist of the fields
around loops [24].
The classical complex deformations of the geom-
etry are not the only source of deformations of the
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superpotential. Non commutative deformation can
also play a role. Let us count the number of possible
parameters in the superpotential for the quiver in fig-
ure 2. There are 32 gauge invariant combinations of
the fields and the superpotential may have the form
W = λijklAiBjEkl + λ˜ijklCiDjEkl (68)
We may allow any Gl(2) transformations of the fields
Ai, Bi, Ci, Di and any Gl(2)⊗Gl(2) = Gl(4) trans-
formations of Eij . The resulting number of reparam-
eterizations of the fields is 4 · 4 + 16 = 32, but there
are three rescalings that don’t change the superpo-
tential: the first one is A→ α1A and B → 1α1B; the
second one is C → α2C and D → 1α2D; the third
one is E → α23E and (A,B,C,D) → 1α3 (A,B,C,D).
The superpotential thus has three deformation pa-
rameters. And, indeed, there are non commutative
deformations of the geometry given by the inverse
B-field with holomorphic indices that give the three-
parametric deformations of the superpotential [27].
5.2. Kahler potential
The Lagrangian for the quiver gauge theory
can be deduced from the Born-Infeld and Chern-
Simons parts of the action for the branes
S =
∫
e−i
∗
sφ
√
det(i∗s G−Fs) +
∫ ∑
p
i∗sCp e
Fs ,
Fs = Fs − i∗sB . (69)
The parameters in this Lagrangian depend on the
expectation values of the background fields corre-
sponding to the closed string modes, such as the
metric on the internal space, the NSNS B-field,
and the RR fields. Here i∗s denotes the pull-back
of the various fields to the world-volume of the
branes.
Massless fields arising from type IIB super-
strings compactified on a CY3 fold are organized
in N = 2 multiplets. In general, there are [28]
• h1,1 + 1 hypermultiplets
• h2,1 vector multiplets
• 1 tensor multiplet
If we introduce a D-brane, then the N = 2 su-
persymmetry gets broken to N = 1. The N = 2
hypermultiplets split into two sets of chiral multi-
plets. One set of these multiplets corresponds to
the holomorphic couplings for the gauge groups
τ =
θ
2pi
+ i
4pi
g2
(70)
which enter the kinetic terms for the gauge fields
on the branes
Im
∫
d2θ
τ
8pi
WαW
α = − 1
4g2
F ∧ ∗F + θ
32pi2
F ∧ F
The other field is a holomorphic extension of the
FI parameter
S = ρ+ iζ. (71)
If the corresponding closed string modes have nor-
malizable kinetic terms, then S is a dynamical
field and it is possible to write a gauge invariant
mass term for the gauge field on the brane [7][29]∫
d4θ
1
4
(Im(S − S¯ − 2V ))2 (72)
=
1
2
(A− dρ) ∧ ∗(A− dρ)− ζD
consequently ρ is interpreted as the Stuckelberg
field and ζ is indeed the FI ‘parameter’. In the
non compact geometry the normalizable modes
correspond to Poincare dual cycles that are both
compact. For the cone over del Pezzo surfaces,
such cycles are the four cycle and the canon-
ical class. The branes wrapping these com-
pact Poincare dual cycles have chiral matter in
their intersections, i.e. the corresponding U(1)
gauge theories on their world volume have mixed
anomalies. These anomalous U(1) gauge groups
become massive due to the interaction with the
normalizable modes of the closed strings via in-
teraction (72).
If the string modes corresponding to S are non
normalizable, then the fields ρ and ζ become pa-
rameters and the only gauge invariant combina-
tion is ζD, i.e. the usual FI parameter of the
gauge theory. Although the U(1) fields interact-
ing with S don’t have anomalies in this case, they
can still get a mass through the Higgs mechanism
induced by non zero FI parameter ζ.
Expanding the DBI and the Chern-Simons ac-
tions one finds the following gauge couplings for
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the D3 and D5 branes13
τ0 = C0 + ie−ϕ
τ2 =
∫
P1
(C2 + τ0B2)
Stuckelberg field and FI parameter for the D5-
brane are
dρ = ∗4d
∫
P1
C4 , ζ =
∫
P1
J .
In general, the stable branes are represented
by the bound states that have D3, D5 and D7
charges. Hence the coupling on these fractional
branes will be a combination of the above cou-
plings. It can be shown that the gauge coupling
associated to a fractional BPS brane with the
charge vector Q can be obtained from the cen-
tral charge vector via
4pi
g2
= e−ϕ|Z(Q)| (73)
while the FI parameter for the gauge theory on
the fractional brane is proportional to the phase
of the central charge [11]
ζ =
1
pi
Im logZ(Q) (74)
The intuitive motivation for this identification is
that two D-branes with different phases of their
central charges break the supersymmetry in a
similar way as FI parameters do. A formal deriva-
tion of this correspondence in terms of the SCFT
on the branes can be found e.g. in [11].
Example: D3 near a Z2 orbifold point.
In this example we find the gauge couplings for the
fractional branes on the Z2 orbifold singularity. The
fractional branes near a resolved Z2 orbifold have the
central charges
Z = Q3 +Q5
Z
P1
(B + iJ) (75)
In the orbifold limit J = 0. The charges (Q5, Q3)
of the fractional branes are (−1, 1) and (1, 0). The
corresponding couplings are
4pi
g21
= e−ϕ
„
1−
Z
B
«
4pi
g22
= e−ϕ
Z
B (76)
13The expressions for the D7 brane can be derived in a
similar way.
For the orbifold
R
B = 1/2 [22] and the couplings are
equal. It is interesting to note that the more general
expressions (76) work also for the conifold [6]. This
is not too surprising because the conifold can be ob-
tained from the Z2 orbifold by giving certain masses
to the adjoint fields [30].
The blow up of the two-cycle at the Z2 singular-
ity corresponds to J 6= 0. In this case the absolute
value of the central charges (75) is bigger than 1/2,
consequently it becomes more favorable for the frac-
tional branes to recombine in D3-branes. From the
quiver gauge theory point of view, the resolution of
the singularity can be reproduced by the non zero
FI parameters [7][31]. In the presence of FI parame-
ters, some of the bifundamental fields get VEVs and
break the gauge group U(N) × U(N) −→ U(N)diag.
This corresponds to the recombination of two stacks
of fractional branes in one stack of D3-branes. The
massless fields that solve the F and D-term equations
represent the motion of these D3-branes on the re-
solved manifold.
The coupling of the gauge fields to the RR-
fields follows from expanding the CS-term of the
action. In this way we derive that the θ-angle has
the geometric expression
θ = Q7
∫
P2
C(4) +QA5
∫
αA
C(2) +Q3 C(0) (77)
In addition, each fractional brane may support
a Stu¨ckelberg field, which arises by dualizing the
RR 2-form potential C that couples linearly to the
gauge field strength via
C ∧ F (78)
From the CS-term we read off that
C = Q4
∫
P2
C(6) +QA2
∫
αA
C(4) +Q0 C(2)
The linear coupling (78) determines the spectrum
of U(1) gauge bosons, as we will now show.
5.3. Spectrum of U(1) Gauge Bosons
On dPn there are n + 3 different fractional
branes, with a priori as many independent gauge
couplings and FI parameters. However, the above
expression for the central charge contain only
2n + 4 independent continuous parameters: the
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dilaton, the (dualized) B-field, and a pair of pe-
riods (of B and of J) for every of the n + 1 2-
cycles in dPn. Hence there must be two rela-
tions restricting the couplings. The interpreta-
tion of these relations is that quiver gauge theory
always contains two anomalous U(1) factors. FI-
parameters associated with anomalous U(1)’s are
not freely tunable, but dynamically adjusted so
that the associated D-term equations are auto-
matically satisfied. This adjustment relates the
anomalous FI variables and gauge couplings.
The non-compact cone Y0 supports two com-
pact cycles for which the dual cycle is also com-
pact, namely, the canonical class and the del
Pezzo surface X. Correspondingly, we expect to
find normalizable 2-form and 4-form on Y0. Their
presence implies that two closed string modes sur-
vive as dynamical 4-d fields with normalizable ki-
netic terms; these are the two axions associated
with the two anomalous U(1) factors. The two
U(1)’s are dual to each other: a U(1) gauge ro-
tation of one generates an additive shift in the
θ-angle of the other. This naturally identifies the
respective θ-angles and Stu¨ckelberg fields. The
geometric origin of this identification is that the
corresponding branes wrap dual intersecting cy-
cles.
We obtain non-normalizable harmonic forms on
the non-compact cone by extending the other har-
monic 2-forms on X to r-independent forms. The
corresponding 4-d RR-modes are non-dynamical
fields: any space-time variation would carry in-
finite kinetic energy. Thus for the non-compact
cone Y , all non-anomalous U(1) factors remain
massless.
As we will show below, the story changes for the
compactified setting, for D-branes at a del Pezzo
singularity inside a compact CY threefold Y . In
this case, a subclass of all harmonic forms on the
cone may extend to normalizable harmonic forms
on Y , and all corresponding closed string modes
are dynamical 4-d fields. This may lead to mass
terms for the non-anomalous U(1)’s.
Consider IIB string theory compactified on a
Calabi-Yau orientifold Y . The relevant RR fields
decompose into appropriate harmonic forms on Y
as follows [32]
C(6) = ca(x)ωa
C(4) = cα(x)ωα + ρα(x)ωα (79)
C(2) = θa(x)ωa .
Here ωa and ωα are harmonic 4-forms on Y , and
respectively even and odd under the orientifold
projection. Similarly, ωa and ωα are (even and
odd) harmonic 2-forms. So in space-time, cα,
ca, and c2 are two-form fields and ρα and θa are
scalar fields. Similarly, we can expand the Ka¨hler
form J and NS B-field as
J = ζα(x)ωα (80)
B = ba(x)ωa
Note that the orientifold projection, in particular,
eliminates the constant zero-mode components of
C(2), C(6) and B(2). The IIB supergravity action
contains the following kinetic terms for the RR
p-form fields
S =
∫
[Gab dca∧∗dcb + Gαβ dcα∧∗dcβ ] (81)
where Gαβ and Gab denote the natural metrics
on the space of harmonic 2-forms on Y
Gαβ =
∫
Y
ωα ∧ ∗ωβ Gab =
∫
Y
ωa ∧ ∗ωb
The scalar RR fields θb and ρα are related to the
above 2-form fields via the duality relations:
∗ dθ b = −Gabdca , ∗ dρα = Gαβdcβ .
The harmonic forms on the compact CY manifold
Y , when restricted to base X of the singularity, in
general do not span the full cohomology of X. For
instance, the (1, 1)-cohomology of Y may have
fewer generators than that of X, in which case
there must be one or more 2-cycles that are non-
trivial within X but trivial within Y . Conversely,
Y may have non-trivial cohomology elements that
restrict to trivial elements on X. The overlap
matrices
Πaα =
∫
αa
ωα , Πaa =
∫
αa
ωa , (82)
when viewed as linear maps between cohomology
spaces H(1,1)(X,Z) and H(1,1)± (Y,Z), thus typi-
cally have both non-zero kernel and cokernel.
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This incomplete overlap between the two co-
homologies has immediate repercussions for the
D-brane gauge theory, since it implies that the
compact embedding typically reduces the space
of gauge invariant couplings. The couplings are
all period integrals of certain harmonic forms,
and any reduction of the associated cohomology
spaces reduces the number of allowed deforma-
tions of the gauge theory. This truncation is in-
dependent from the issue of moduli stabilization,
which is a dynamical mechanism for fixing the
couplings, whereas the mismatch of cohomologies
amounts to a topological obstruction.
By using the overlap matrices (82), we can ex-
pand the topologically available local couplings in
terms of the global periods, defined in (79) and
(80), as
b a = Πaa b
a , c a = Πaα c
α
θ a = Πaa θ
a , ζ a = Πaα ζ
α
By construction, the fields on the left hand-side
are elements of the subspace of H(1,1) that is com-
mon to both Y and X. The number of indepen-
dent closed string couplings of each type thus co-
incides with the rank of the corresponding overlap
matrix.
As a special consequence, it may be possible
to form linear combinations of fractional branes,
such that the charge adds up to that of a D5-
brane wrapping a 2-cycle within X that is trivial
within the total space Y . The D5-brane charge
for such a linear combination of branes satisfies
ΠaαQ
a
5 = 0 (83)
for all α. As a result, the corresponding U(1) vec-
tor boson decouples from the normalizable RR-
modes, and thus remains massless. This obser-
vation will have an important application in the
next section.
Let us compute the non-zero masses. Upon
dualizing, or equivalently, integrating out the 2-
form potentials, we obtain (among other terms)
a Stu¨ckelberg mass term for the vector bosons As
of the form
Gαβ ∇ρα ∧ ∗∇ρβ (84)
with
∇ρα = dρα − Qa5 ΠaαA . (85)
The vector boson mass matrix
m2 = Gαβ Π aαΠ
b
β Q
a
5Q
b
5 (86)
is of order of the string scale for string size com-
pactifications.14 It lifts all U(1) vector bosons
from the low energy spectrum, except for the ones
that correspond to fractional branes that wrap 2-
cycles that are trivial within Y . This is the cen-
tral result of this subsection.
5.4. Symmetry breaking
The quiver gauge theory on a D3-brane at a
CY singularity contains a number of U(1) fac-
tors, one for each type of fractional branes. For
each non anomalous U(1), one can turn on an FI-
parameter ζi. The FI-parameters typically corre-
spond to blow-up modes that govern the size of
two-cycles within the CY manifold.
A more precise correspondence can be ex-
tracted by studying the D and F flatness equa-
tions that select the supersymmetric classical
vacua of the N = 1 gauge theory. This space
of vacua can be thought of as the configuration
space of the D3 brane within the CY singularity.
The F-flatness conditions follow from extremizing
the holomorphic superpotential, ∂W/∂φa = 0, for
all chiral matter fields φa. The D-term equations
further restrict this space of solutions. There is
one real D-flatness condition for each node i on
the quiver
µi ≡
∑
a
|φ+ia|2 −
∑
b
|φ−ib|2 − ζi = 0, (87)
where φ+a and φ
−
b denote the bi-fundamentals on
each side of the corresponding node. The condi-
tions (87) are implemented via a symplectic quo-
tient: it identifies field configurations on a gauge
orbit generated by δφ±ia = ±φia and sets µi = 0.
Each D-constraint thus eliminates two dimensions
from the solution space of the F-flatness equa-
tions.
For a given quiver gauge theory associated to a
D3-brane on a Calabi-Yau singularity, the mod-
uli space of vacua, the space of solutions to the F-
14The U(1) masses can be made much lower than the
string scale by considering compactifications with large
extra dimensions. For our discussion, however, we assume
that the compactification manifold is of string size.
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and D-term equations, reconstructs the geometry
of the CY singularity. This correspondence may
provide an interesting route towards reverse engi-
neering the appropriate CY geometry associated
to a given quiver gauge theory. In general, how-
ever, quiver gauge theories do not lead to simple
commutative geometries.
By varying the ambient Calabi-Yau geome-
try, fractional branes can become unstable: they
may decay into two or more components or form
bound states. In the large volume theory, this
happens because the central charges of the frac-
tional branes may re-orient themselves such that
the mutual triangle inequalities, that ensure their
stability, get violated. From the perspective of
the quiver gauge theory, the formation of a bound
state is described by condensation of one or more
bi-fundamental scalar fields. This generically
happens as soon as some of the FI-parameters
are non-zero. The D-term equations (87) then
dictate that some scalar fields φc must acquire
a non-vanishing vacuum expectation value 〈φc〉.
In the new vacuum, part of the gauge symmetry
gets broken. In addition, several matter fields ac-
quire a mass proportional to 〈φc〉 and get lifted
from the moduli space of supersymmetric vacua
via the F-flatness equation
∂W
∂φa
= Cabc φb 〈φc〉 = 0 (88)
Hence the number of fields that become massive
is determined by the number of non-zero Yukawa
couplings Cabc of the field φc that acquires the
vev.
6. Bottom-Up String Phenomenology
The basic strategy for finding D-brane realiza-
tions of realistic gauge theories proceeds via a two
step process. First one looks for CY singularities
and brane configurations, such that the quiver
gauge theory is just rich enough to contain the
SM gauge group and matter content. Then we
look for a well-chosen symmetry breaking process
that reduces the gauge group and matter content
to that of the Standard Model, or at least real-
istically close to it. When the CY singularity is
not isolated, the moduli space of vacua for the D-
brane theory has several components [4], and the
symmetry breaking we need is found on a compo-
nent in which some of the fractional branes move
off of the primary singular point along a curve of
singularities (and other branes are replaced by ap-
propriate bound states). This geometric insight
into the symmetry breaking allows us to identify
an appropriate CY singularity, such that the cor-
responding D-brane theory looks like the SSM.
The above procedure was used in [33] to con-
struct a semi-realistic theory from a single D3-
brane on a partially resolved del Pezzo 8 singu-
larity. The final model, however, still had sev-
eral extra U(1) factors besides the hypercharge
symmetry. Such extra U(1)’s are characteristic
of D-brane constructions: typically, one obtains
one such factor for every fractional brane. Which
of these U(1) factors remains massless depends
on the embedding of the CY singularity inside
a full compact CY geometry. As we have seen,
the massless U(1) gauge bosons are in one-to-one
correspondence with non-trivial 2-cycles within
the local CY singularity that lift to trivial cy-
cles within the full CY three-fold. This insight
can be used to ensure that, among all U(1) fac-
tors, only the hypercharge survives as a massless
gauge symmetry.
The interrelation between the 2-cohomology of
the del Pezzo base of the singularity, and the
full CY thee-fold has other relevant consequences.
Locally, all gauge invariant couplings of the D-
brane theory can be varied via corresponding
deformations of the local geometry. This local
tunability is one of the central motivations for
the bottom-up approach to string phenomenol-
ogy. The embedding into a full string compactifi-
cation, however, typically introduces a topologi-
cal obstruction against varying all local couplings:
only those couplings that descend from moduli of
the full CY survive. Their value will need to be
fixed via a dynamical moduli stabilisation mech-
anism.
Let us summarize our general strategy:
• Choose a non-compact CY singularity, Y0,
and find a suitable basis of fractional branes
Fi on Y0. Assign multiplicities ni to each Fi
and enumerate the resulting quiver gauge
theories.
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• Look for quiver theories that, after sym-
metry breaking, produce an SM-like theory.
Use the geometric dictionary to identify the
corresponding resolved CY singularity.
• Identify the topological condition that iso-
lates hypercharge as the only massless U(1).
Look for a compact CY 3-fold Y , with the
right topological properties, that contains
Y0. Use fluxes and other ingredients to sta-
bilize the moduli of Y at the desired values.
In principle, it should be possible to automatize
several of these steps and thus set up a computer-
aided search of Standard Model constructions
based on D-branes at CY singularities.
6.1. A Standard Model D-brane
We now apply the lessons of the previous sec-
tion to the string construction of a Standard
Model-like theory of [33], using the world volume
theory of a D3-brane on a del Pezzo 8 singularity.
Let us summarize the set up.
Mathematicians have identified a conventient
class of exceptional collections, or bases of frac-
tional branes, on a del Pezzo 8 singularity. These
bases have several desirable characteristics. In
particular, all fractional branes in an exceptional
collection wrap so-called rigid cycles, with coho-
mological properties that eliminate translational
modes. In terms of the world-volume gauge the-
ory, this ensures the absence of adjoint matter
besides the gauge multiplet. All charged matter
appears in the form of bi-fundamentals, that live
on the brane intersections.
The construction of [33] starts from a single
D3-brane; the multiplicities ni are then uniquely
determined via the condition (58). For a favor-
able basis of fractional branes, this leads to an
N = 1 quiver gauge theory with the gauge group
G0 = U(6)×U(3)×U(1)9. This particular quiver
theory is related via a single Seiberg duality to
the world volume theory of a D3-brane near a
C3/∆27 orbifold singularity – the model consid-
ered earlier in [34] as a possible starting point
for a string realization of a Standard Model-like
gauge theory. As shown in [33], the theory with
the above gauge group G0 is rich enough, so that
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Figure 3. The MSSM-like quiver gauge theory
obtained in [33]. Each line represents three gen-
erations of bi-fundamentals.
one can design a symmetry breaking process to a
semi-realistic gauge theory with the gauge group
G = U(3)× U(2)× U(1)7.
The quiver diagram is drawn in fig 3.
Each line represents three generations of bi-
fundamental fields. The D-brane model thus has
the same non-abelian gauge symmetries, and the
same quark and lepton content as the Standard
Model. It has an excess of Higgs fields – two pairs
per generation – and several extra U(1)-factors.
Our plan is to use the new insights obtained in
section 5.3 to move the model one step closer to
reality, by eliminating all the extra U(1) gauge
symmetries except hypercharge from the low en-
ergy theory.
The strategy for producing the gauge theory
of fig 3 is this: by appropriately tuning the su-
perpotential (i.e., varying the complex structure)
we can find a Calabi–Yau with a non-isolated
singularity—a curve Γ of A2 singular points—
such that the classes α1 and α2 have been blown
down to an A2 singularity on the (generalized) del
Pezzo surface where it meets the singular locus.
The symmetry-breaking involves moving onto the
Γ branch in the moduli space, where the α1 and
α2 fractional brane classes are free to move along
the curve Γ of A2 singularities. In particular,
these branes can be taken to be very far from
the primary singular point of interest, and be-
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come part of the bulk theory: any effect which
they have on the physics will occur at very high
energy like the rest of the bulk theory.
Making this choice removes the branes sup-
ported on α1 and α2 from the original brane spec-
trum, and replaces other branes in the spectrum
by bound states which are independent of α1 and
α2. The remaining bound state basis of the frac-
tional branes is specified by the following set of
charge vectors
ch(F1) = (3,−2K +
8∑
i=5
Ei− E4, 12 )
ch(F2) = ( 3,
8∑
i=5
Ei,−2)
ch(F3) = (3, 3H −
4∑
i=1
Ei,− 12 )
ch(F4) = (1, H − E4, 0)
ch(Fi) = (1,−K+ Ei, 1 ) i = 5, . , 8
ch(F9) = (1, 2H −
4∑
i=1
Ei, 0)
Here the first and third entry indicate the D7 and
D3 charges; the second entry gives the 2-cycle
wrapped by the D5-brane component of Fi. As
shown in [33], the above collection of fractional
branes is rigid, in the sense that the branes have
the minimum number of self-intersections and the
corresponding gauge theory is free of adjoint mat-
ter besides the gauge multiplet. From the collec-
tion of charge vectors, one easily obtains the ma-
trix of intersection products via the fomula (61).
One finds
#(Fi,Fj) =
0BBBBBBBBBB@
0 −3 0 1 1 1 1 1 1
3 0 3 2 2 2 2 2 2
0 −3 0 1 1 1 1 1 1
−1 −2 −1 0 0 0 0 0 0
−1 −2 −1 0 0 0 0 0 0
−1 −2 −1 0 0 0 0 0 0
−1 −2 −1 0 0 0 0 0 0
−1 −2 −1 0 0 0 0 0 0
−1 −2 −1 0 0 0 0 0 0
1CCCCCCCCCCA
which gives the quiver diagram drawn in fig 3.
The rank of each gauge group corresponds to the
(absolute value of the) multiplicity of the corre-
sponding fractional brane, and has been chosen
such that weighted sum of charge vectors adds
up to the charge of a single D3-brane. In other
words, the gauge theory of fig 3 arises from a sin-
gle D3-brane placed at the del Pezzo 8 singularity.
! ! ! ! !!!1
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Figure 4. Our proposed D3-brane realization of
the MSSM involves a dP8 singularity embedded
inside a CY manifold, such that two of its 2-
cycles, α1 and α2, develop an A2 singularity, and
all 2-cycles except α4 are non-trivial within the
full CY.
Note that, as expected, all fractional branes
in the basis (89) have vanishing D5 wrapping
numbers around the two 2-cycles corresponding
to the first two roots α1 and α2 of E8, since
we have converted the FI parameters which were
blowup modes for those cycles into positions for
A2-fractional branes. After eliminating the two 2-
cycles α1 and α2, the remaining 2-cohomology of
the del Pezzo singularity is spanned by the roots
αi with i = 3, .., 8 and the canoncial class K.
6.2. Identification of hypercharge
Let us turn to discuss the U(1) factors in the
quiver of fig 3, and identify the linear combination
that defines hypercharge. We denote the node on
the right by U(1)1, and the overall U(1)-factors
of the U(2) and U(3) nodes by U(1)2 and U(1)3,
resp. The U(1)6 node at the bottom divides into
two nodes U(1)3u and U(1)
3
d, where each U(1)u
and U(1)d acts on the matter fields of the cor-
responding generation only. We denote the nine
U(1) generators by {Q1, Q2, Q3, Qiu, Qid, }. The
total charge
Qtot =
∑
s
Qs
decouples: none of the bi-fundamental fields is
charged under Qtot. Of the remaining eight gen-
erators, two have mixed U(1) anomalies. As dis-
cussed, these are associated to fractional branes
that intersect compact cycles within the del Pezzo
singularity. In other words, any linear combina-
tion of charges such that the corresponding frac-
tional brane has zero rank and zero degree is free
of anomalies.
As seen from table 1, hypercharge is identified
22
with the non-anomalous combination
QY =
1
2
Q1 − 16Q3 −
1
2
( 3∑
i=1
Qid −
3∑
i=1
Qiu
)
(89)
The other non-anomalous U(1) charges are
1
3
Q3 − 12Q1 = B − L, (90)
together with four independent abelian flavor
symmetries of the form
Qiju,d = Q
i
u −Qju, Qijb = Qib −Qjb. (91)
We would like to ensure that, among all these
charges, only the hypercharge survives as a low
energy gauge symmetry. From our study of the
stringy Stu¨ckelberg mechanism, we now know
that this can be achieved if we find a CY em-
bedding of the dP8 geometry such that only the
particular 2-cycle associated with QY represents
a trivial homology class within the full CY three-
fold. We will compute this 2-cycle momentarily.
Q0 Qd Qu Q2 Q3 QY
Q 0 0 0 −1 1 1/6
u 0 0 1 0 −1 −2/3
d 0 1 0 0 −1 1/3
L 1 0 0 −1 0 −1/2
ν −1 0 1 0 0 0
e −1 1 0 0 0 1
Hu 0 0 −1 1 0 1/2
Hd 0 −1 0 1 0 −1/2
Table 1. U(1) charges of the various matter fields.
The linear sum (89) of U(1) charges that de-
fines QY , selects a corresponding linear sum of
fractional branes, which we may choose as fol-
lows15
FY =
1
2
(
F3 − F0 −
∑
i=4,5,9
Fi +
∑
i=6,7,8
Fi
)
(92)
A simple calculation gives that, at the level of the
charge vectors
ch(FY) = ( 0 , −α4, 12 ) α4 = E5 − E4 (93)
15With this equation we do not suggest any bound
state formation of fractional branes. Instead, we sim-
ply use it as an intermediate step in determining the
cohomology class of the linear combination of branes,
whose U(1) generators add up to U(1)Y .
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Figure 5. An MSSM-like quiver gauge theory,
satisfying all rules for world-volume theories in
an unoriented string models. A construction of
this MSSM quiver theory via D-branes on a CY
singularity has recently been given in [36]
We read off that the 2-cycle associated with the
hypercharge generator QY is the one represented
by the simple root α4.
We consider this an encouragingly simple re-
sult. Namely, when added to the insights ob-
tained in section 5.3, we arrive at the following
attractive geometrical conclusion: we can arrange
that all extra U(1) factors except hypercharge ac-
quire a Stu¨ckelberg mass, provided we can find
compact CY manifolds with a del Pezzo 8 singu-
larity, such that only α4 represents a trivial ho-
mology class. Requiring non-triviality of all other
2-cycles except α4 not only helps with eliminating
the extra U(1)’s, but also keeps a maximal num-
ber of gauge invariant couplings in play as dynam-
ically tunable moduli of the compact geometry.
In particular, to accommodate the construction of
the SM quiver theory of fig 3, the complex struc-
ture moduli of the compact CY threefold must al-
low for the formation of an A2 singularity within
the del Pezzo 8 geometry.
A general construction of a compact CY em-
bedding of the dP8 singularity with all the desired
topological properties was described in detail in
[35].
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7. Conclusions
In these lecture notes we gave an introduction
to some of the concepts involved in construct-
ing the SM-like gauge theories in the systems of
branes at singularities of CY manifolds. After
collecting some of the necessary technology, we
then outlined our general bottom-up approach to
string phenomenology. As an example of this ap-
proach, we presented a concrete construction of
an SM-like theory, based on a single D3-brane
near a del Pezzo 8 singularity. We derived a sim-
ple topological condition on the compact embed-
ding of the dP8 singularity, such that only hyper-
charge survives as the massless gauge symmetry.
The specific model based on the dP8 singular-
ity comes quite close to being realistic: it has the
exact matter content and gauge interactions of
the SSM, except that it has a multitude of Higgs
fields. Furthermore, supersymmetry is still un-
broken. We see no a priori obstruction, however,
to the existence of mechanisms that would lift
all extra Higgses from the low energy spectrum.
SUSY breaking terms may get generated via var-
ious mechanisms: via fluxes, nearby anti-branes,
non-perturbative string physics, etc. The struc-
ture of these terms is strongly restricted by phe-
nomenological constraints, such as the suppres-
sion of flavor changing neutral currents.
The presence of the extra Higgs fields is dic-
tated via the requirement (on all D-brane con-
structions on orientable CY singularities) that
each node should have an equal number of in-
and out-going lines. To eliminate this feature,
it is natural to look for generalizations among
gauge theories on orientifolds of CY singulari-
ties. Near orientifold planes, D-branes can sup-
port real gauge groups like SO(2N) or Sp(N).
With this generalization, one can draw a more
minimal quiver extension of the SM, with fewer
Higgs fields. An example of such a quiver is drawn
in fig 5. It should be straightforward to find an
orientifolded CY singularity and fractional brane
configuration that would reproduce this quiver.
The extra U(1) factors in fig 5 can then be dealt
with in a similar way as in our dP8 example.
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